


Free vibration of single degree of freedom system
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(a) Idealization of the
tall structure
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(b) Equivalent

spring-mass system




Free vibration of single degree of freedom system

Examples

Rigid floor
x(r) (mass = m)
E—

/
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Elastic columns
(mass i1s negligible)
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(a) Building frame
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Free vibration of single degree of freedom system

Equation of motion

Equation of
motion

Newton's 2" Energy

law of Method
motion
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Free vibration of single degree of freedom system

Newton's 2"d law of motion

k;__ApP!Y__

. Newtons
KDraw the second law
fr_ee-body of motion
o diagram

~ Determine the static
~ equilibrium configuration
o of the system
Select a
suitable
coordinate
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Free vibration of single degree of freedom system

Example
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Free vibration of single degree of freedom system

Newton's 2"d law of motion
ZF —m a

kX =mx = homogenuos 2nd order ODE
X +w’x =0 : a)n:,/L
m

O +x

i

L

(] [ ]

7

X (t) =Be*

BeS' %0

(s°+w’)Be* =0 — s°+w =0

1wt

—>X(t)=Be' +Be '™
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Free vibration of single degree of freedom system

Newton's 2"9 law of motion O — 4

L

(] [ ]

7

Be'“' +Be " =B, (cos(m,t)+isin(am,t))+B,(cos(am,t)—isin(a,t))
(B, +B,)cos(a,t)+i(B,—B,)sin(aw,t)
5 —)(Bl+82)=ZRG{Bl}:A1

, —(B,—B,)=2iIm{B}=-A,
A, cos(aw,t)+A,sin(a,t)
Asin(6),A, =Acos(6)
x(t)=Asin(8)cos(w,t)+A cos(8)sin(m,t)

Asin(ot +6
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Free vibration of single degree of freedom system
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Example.
Find the equation of motion.

7




Free vibration of single degree of freedom system

dM =l,a - —mgLsin(H):(mLz)H
— mL*9+mgL sin(6)=0

— LO+g(sin(0))=0
T Non-linear 2nd-Order ODE

—

Solving the Non-linear ODE

Small motion assumptions (Linearization)
'/,
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Free vibration of single degree of freedom system

Linearization 00

F(y.7)

m

1
dYF=Ma — F(y,y)=my —> y=—F(y.9)=10,7)

y = ¥ = constant, y =y =0 — f(y.,0)=0

—

« Asymptotically stable e

_—
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Free vibration of single degree of freedom system

Linearization

ar(y, y (v, y
f =1y 0) + %i’l (y — ye) + f(y. )

e gy e

y+ 0y y)

¥oN| __,  ¥@9)

- = —q
ay e ay .e

=-b(y-y.)-ay XU 5 yiax +bx =0
s24+as+b=0

r) -b — X(t) - Al St - AZ 52"
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Free vibration of single degree of freedom system

1. a> 0, b > 0. In this case the roots are either real and negative or complex
conjugates with negative real part, so that x(f) approaches zero as ¢t — co.
Hence, y(t) approaches y,., so that the equilibrium position is asymptotically
stable.
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Free vibration of single degree of freedom system

2. a=0, b > 0. The roots are pure imaginary, so that the solution x(t) is
oscillatory. Hence, the motion is bounded and the equilibrium position is
stable.

N
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Free vibration of single degree of freedom system

BEEEE »zc~-~»»w~<

3. a<0,0ora=0,b <0. The roots are either complex conjugates with positive
real part or they are both real, with one root being positive and the other being
negative. In either case the solution is divergent and the equilibrium position is
unstable. |




Free vibration of single degree of freedom system

Return to example:

LO+gsin(0)=0 —>é:—%sin

0 = 1(6) f(9) —= sm 0

1
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Free vibration of single degree of freedom system

so that the equilibrium 1s stable

b= —% <0 so that the equilibrium is unstable
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Free vibration of single degree of freedom system

L@ 4 g Sin (9) _ O Linearization about 0° )é’ +%H _ O

sin(0) =6
kcos(@):l

o Linearization about 0°
0 <6

In Summary: |f

> 3
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Free vibration of single degree of freedom system

Example.
Find the equation of motion

Vs k

A
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Free vibration of single degree of freedom system

M I a i [sinf

Z o o0 | kisin® " kisin®
I N R

3 |

> W Lsin(6) (241 sin(6)) cos(@):(%ml 2)9

lcos o

7

mi= .. [
- T!’J + (2kl sin 0)1 cos O — W;Hin 0 =0

2
mil= .-

L WI
For small oscillations A 0 + 2% — T” — ()
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Free vibration of single degree of freedom system

ZF:ma RN mg_kx =mX — mx +kx =mg

=X =X, +X, =Asin(o,t +¢)+rrl1<_g

X=y+d, — X=yY —> my+k(y+d,)=mg

=my +ky =0—>y =Asin(o.t +¢)
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Free vibration of single degree of freedom system

Massless
bar

M.=l.a — mgLcoséd-ka*dcosd=mL*0 —

0<6°

— mL%0 +ka’f = mgL
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Free vibration of single degree of freedom system

Energy Method

l

— T,+U, =T,+U, +x

If  1:static equilibrium —-T,=0,U, =0 or constant

— T +U = constant

:
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Free vibration of single degree of freedom system

Energy Method
dW =F-dr

dW = F-dr = mr-dr :=m‘;—:.‘;—[dt

= mi-di = dGmi-f) = dT

Conservative fore:

AW =F-dr = —dV(r)

—>T +V =cte.
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Free vibration of single degree of freedom system

Energy Method

Non-Conservative fore: F=F +F,

W = F-dr W =—dV +F_dr
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Free vibration of single degree of freedom system
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Example:
Find the equation of motion.

mg *rl — krzest *r2




Free vibration of single degree of freedom system

1 : 1.. 1
T==m(6)>’+=J6°, U==k (r,0)?
> (r, 0) > > (r, 0)

d 1 N2 1 12 1 2 _
a((Em (r, 9) +§J9 j+(§k (r, 9) D—O

mr200+360+k r,f06=0 —Zsmr?d+I0+kr20=0

=|[mr?+3)6+k r,?0=0
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Free vibration of single degree of freedom system

Maximum Energy Method

E.=E, —> T,+U,=T,+U,
1: Max(T) , 2: Max(U)

%m XMaxz :%k XMax2

(1)

X (t) =Asin(o,t) > X, =A
X(t)=Aam, cos(wt) >X,,, =Aw,
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Free vibration of single degree of freedom system

Example:
Find the natural frequency.
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Free vibration of single degree of freedom system

X=nr6,y =r,0

TM

ax

1 : 1 . 1
:Em (rlgMax)z-I_E‘]eMaxz Ui :Ek (rzeMax)z

dT +U)=0->T,,, =U .

Max

%(m r12+J)6? ? :%(k rzz)élMax2

2
éMax:wneMax _ k r2
¢
1

m. =mr’+J|, — |2 sm.O+k.0=0
eff 1 eff eff
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Free vibration of single degree of freedom system
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Rayleigh s Method (Effective Mass)

SIS, ~

Kk




Free vibration of single degree of freedom system

Rayleigh s Method (Effective Mass)

L
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Free vibration of single degree of freedom system

Rayleigh s Method (Effective Mass)

Effective mass of spring
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Free vibration of single degree of freedom system

Example.

Find the Natural Frequency.

-
-

>
-

BEEEE »z0c--»»w~=<




Free vibration of single degree of freedom system

. PP
< max 3E1
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Free vibration of single degree of freedom system
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_ PP
Vmax — 3E]
i

3El

|3

V & F =KX 5K =

_|3
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